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Abst ract - -A  real n x n matrix A is said to be an M-matrix if there exists a nonnegative matrix B 
with maximal eigenvalue r such that A --- c~I - B, where c~ :> r. In this work, we present a sufficient 
condition for the existence of an M-matrix with prescribed complex spectrum. (~ 2001 Elsevier 
Science Ltd. All rights reserved. 
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1. INTRODUCTION 
DEFINITION 1. A real  n x n matr ix  A is said to be an M-matr ix  ff there exists a nonnegat ive 
matrix B with maximal eigenvalue r such that 
A = a I -  B, 
where a > r.  
Since the maximal  eigenvalue of a pr incipal  submatr ix  of the nonnegat ive matr ix  B does not 
exceed the maximal  eigengalue of B, the main diagonal entries of A are nonnegative, while all its 
other  entries are nonposit ive. 
M-matr i ces  have many appl icat ions in the biological, physical, and social sciences. They  
appear  in systems of l inear and nonl inear equations in areas such as finite differences for part ia l  
differential equations, growth models, and input -output  product ion in economics, operat ions 
research, and Markov process in probabi l i ty  and statist ics.  
M-matr i ces  are defined in many other ways. Berman and P lemmons [1] give 50 equivalent 
definit ions for nonsingular M-matr ices .  
In this work, we part ia l ly  consider the inverse spectrum problem for M-matr ices ,  which is the 
prob lem of  f inding necessary and sufficient condit ions for an n- tuple  of complex numbers to be 
the spect rum of an n x n M-matr ix .  
A l though M-matr i ces  are not nonnegative, they are closely re lated to nonnegat ive matr ices.  
Thus, for example,  the problem of f inding an M-matr ix  A = a I  - B with a prescr ibed complex 
spect rum a = {A1, A2 . . . .  , An} can be thought as the problem of f inding a nonnegat ive matr ix  B 
with eigenvalues a - Ah a -- A2 , . . . ,  a - An. 
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Because of the relation between nonnegative matrices and M-matrices, the Perron-Frobenius 
theorem plays an important role here. It states that an irreducible nonnegative n x n matrix A 
has a real positive eigenvalue r such that r >__ IAkl for any eigenvalue As of A and a positive 
eigenvector corresponding to r. This maximal eigenvalue r is a simple zero of the characteristic 
polynomial of A. If A is nonnegative, then it has a nonnegative maximal eigenvalue r and a 
nonnegative eigenvector corresponding to r. 
A necessary condition for the inverse spectrum problem for M-matrices to have a solution is 
given by the following result [2]. 
THEOREM 2. I f  A is an M-matrix,  then all its eigenvalues have a noanegative real part. 
PROOF. Let A = a I  - B be an M-matr ix  of order n. Let r be the maximal eigenvalue of B .  
Then (~ >_ r. Let As be an eigenvalue of A and suppose that Re(As) < 0. Then (~ - Ak is an 
eigenvalue of B and 
la - Akl >_ ]a - Re (Ak)l 
= a - Re (As) 
>a 
> r, 
which contradicts the maximality of r. | 
DEFINITION 3. Let A be an n x n matrix. The r ~h compound matrix of  A is the matr ix Cr (A) of 
order (rn), whose entries axe the minors of order r of the matrix A arranged in the lexicographic 
order. 
We recall the following theorem, whose proof can be found in the pioneer work of Gantmakher 
and Krein [3]• 
THEOREM 4. Let A be an n x n matr ix with e/genva/ues A1, A2,. . . ,  An. Then the eigenvalues of  
Cr (A) axe the products of the eigenvalues of  A, taken r to r, that is, 
Ai~Ai 2 •. . ,  A~,., 
where {il, i2 , . . - ,  it} C {1, 2, 3 , . . . ,  n}. 
DEFINITION 5. The k th elementaxy symmetr ic  function of  the n mtmbers At, A2, . . . , An, k g n, 
is 
k 
, (A1,A2, . ,An) : 1 ]  
l<_il<.,.<ij,<_n j-----1 
the sum of all (~ ) k-[old products of  distinct i tems [tom A1, A2,. . . ,  An. 
We recall the following theorem due to Brauer [4]. A proof can be found in [5]. 
THEOREM 6. Let A be an n x n matrix with eigenvalues A1,A2,...,An and let w :- (wl,w2, 
• . . ,wn) T be an eigenvector of A corresponding to As, k = 1,2 , . . . ,n .  Then A + wq T, where 
q = (ql, q2,. • -, q,~)T, has eigen~mlues A1,.. •, Ak-1, As + w-rq, Ak+l,. •., An. 
The case of a real spectrum for M-matrices is a trivial one. If a = {Ak}~=l, with A1 > A~. > 
• -. _> An, is a real set of given numbers, then for A to be an M-matr ix with spectrum a, we must 
have Ak >_ 0, k = 1,2, . .• ,n. Then, by taking a E A1, B = diag{a - A1, a - A2,... ,a  - An} is 
nonnegative with maximal eigenvalue a - An and A = a I  - B is an M-matr ix  with spectrum a. 
This paper is organized as follows. In Section 2, we present sufficient conditions for the existence 
of M-matrices of low order with a prescribed spectrum and then we combine these results to obtain 
a sufficient condition for an M-matr ix of order n. In Section 3, we give a sufficient condition 
for the inverse spectrum problem for n x n nonnegative matrices, which we apply to the case of 
M-matrices. A number of examples are given throughout the text. 
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2.  SUFF IC IENT CONDIT IONS FOR M-MATRICES 
We now discuss ufficient conditions for the inverse spectrum problem for M-matrices to have 
a solution. The following lemma gives a necessary and sufficient condition for the existence of an 
M-matrix of order 3 with prescribed spectrum and equal main diagonal entries. 
LEMMA 7. Let a = {Al,a + bi, a - bi} be a set of complex numbers. Then there exists a 3 x 3 
M-matr ix  with spectrum a and equal main diagonal entries i f  and only i f  
1 
a > A1 _> 0 and b 2 _< ~ (a -  A1) 2. (1) 
Suppose (1) holds. Let a = (1/3)(A1 + 2a) and consider the numbers 
1 
83 ~-~ ~ ('~1 -- a) 2f_ b'/. 
PROOF. 
1 (A1 - a) - bi, 2 (a - ~i) ,  82 ---- 81 = 
The elementary symmetric functions of 81, 82, 83 are 
Pl = 81 +82 +83 = 0, 
1 b2 P2 = 81~2 + 8183 + ~283 = -~ (a - A1) 2 + < 0, 
p3 ; 81¢h& = g (a - )~i) (a - a l )  ~ + b 2 _> 0. 
The companion matrix associated to the set {81,82, 83} is 
B= 0 , 
-P2 
which is nonnegative with eigenvalues 81, 82, 83. Condition (1) guarantees that 81 is the maximal 
eigenvalue of B and it is clear that a _> 81. Thus, A = a I  - B is an M-matrix with spectrum a
and main diagonal entries equal to a. 
Now, let A = a I  - B be an M-matrix with eigenvalues A1, a + N, a - b/, and equal main 
diagonal entries. Then, B ks a nonnegative matrix with eigenvalues 8k = a -- Ak and equal 
main diagonal entries. Without loss of generality, we may assume that 81 + 8~. + 83 = 0. Then, 
O~ ---- (1/3)()~1 -{-2a) and 
1 
2 (a -- ~1),  82 = ~ (hi  - -  a )  - -  bi, 83 = 3 (A1 - a) + b/, 81 = 
which must satisfy the necessary condition of Loewy and London [6]: 
(81 +8~ +83) 2 -< 3 (8~ +8~ + 8~), 
and the Perron condition a > A1 _> 0. Then we have 
0<_3[2(a -A1) ' -2b  ~] 
and 
1 b 2 _< ] (a -  A1) 2. | 
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COROLLARY 8, ~fG = {)%1,a q- bi, a - b/} is the spect rum of an M-matr ix  A = at  - B ,  then 
a' = {#1, c + di, c - d i} is the spect rum of an M-matr ix  C = 7 I  - D,  where 
0 < #~ < At, (2i) 
a < c, (2ii) 
d < --~-v~ (c - #1) • (2iii) 
PROOF. Since 0 < #1 <-- )%1 <-- a < C and d 2 <_ (1/3)(c - #1) 2, a'  satisfies the condition of 
Lemma 7. Then there exists C = 7 I  - D with spectrum a'. 
EXAMPLE 9. Let a --- {1,3 + i ,3 -  i} be given. Condition (1) is satisfied. Then a = 7/3 and 
flk : 4/3, -2 /3  - i, -2 /3  + i. We compute pl = 0, p2 = -1 /3 ,  p3 --- 52/27. Thus, (o,o) 
0 0 1 
B = _52 _1 0 
27 3 
(7 7 :/ -1  0 
and A = ~I  - B = 0 
3 3 - 
52 1 
27 3 5 
We can also see that  the matr ix is an M-matr ix  with spectrum ~. 
C = 71 -D  = 0 7 
--q3 q2 
is an M-matr ix  with eigenvalues {#1, c + di, c - di}, where 
1 2 (c_  #1) [1 (c_ /z l )2  + d2] 1 q2=-~(c -#1)  2+d 2, q3=5 , "7-- ~(#1+2c) ,  
provided that  (2) holds. 
LEMMA 10. Let  ~ = {)%1,)%2,)%3,)%4} be a given set of  complex  numbers  wi th  )%1,A2 6 R, Aa = 
0 <_ )%2 < )%1 -< a, (3i) 
2 (a - At) _< )%1 - A2, (3ii) 
b 2 <_ 3 (a - )%1) 2 , (3iii) 
A4 = a - -  bi ;  Re()%k) > O. I f  
or  
0 _< A2 < A~, 
a < )%1, 
()%1 - -  )%2) 2 >-- 4(A1 - )%2) (A1  - a )  -~- ()%1 - a) 2 -~- b2; 
(4i) 
(4ii) 
(4iii) 
then there exists an M-matr ix  A of  order 4 with  spectrum a. 
PROOF. Suppose (3) holds. Let (~ = )%1 and consider the numbers j3~ : /31 = 0, f~2 = A1 - A2, 
~3 = (A1 - a) - bi,/~4 = (A1 - a) + bi. The elementary symmetric functions of a'  = {f~l, f~2, f~3, f~4} 
are 
P l  ---- 2()%1 -- a) -{- ()%1 -- )%2) --> 0, 
P2 ---- 2 ()%1 -- )%2) ()%1 -- a) + (A1 -- a) 2 -{- b 2 ~ 0, 
--¢)%1- )%2)[()%1-a) 2 +b 2] P3 > 0, 
P4 =0.  
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Then the companion matrix B of a ~ is 
B = 
( 10 0) 
0 1 0 
0 0 1 ' 
Pa -P2 Pl 
which is nonnegative with eigenvalues ~k, k = 1, 2, 3, 4. 
Thus, the matrix A -- )~1I - B is an M-matrix with spectrum a. An explicit form for A is 
A = 
Note that ~1 -P l  -> As _> 0. 
0 0 ) 
~1 -1  0 
0 ~1 -1  " 
--P3 P2 ~1 -- P l  
Now, suppose (4) holds. Let a - AI as before and consider the set 
~" ~ {0, ~2 - ~Tq,  ~3, ~4} = {0,  (~1 - ~)  - ~Tq,  (~1 - a) - ~ ,  (~1 - a) + ~}, 
where wTq = (~1 -- ~2)/2. The elementary symmetric functions Pk, k = 1, 2, 3, associated with 
a" are positive, while P4 = O. 
The corresponding companion matrix ( 10 0) 
0 1 0 
B= 0 0 1 
P3 --P2 P l  
has eigenvalues 0, (A1 - A2) - wTq,  (~1 -- a) -- bi, (A1 -:- a) + bi. 
The eigenvector w of B, corresponding to the eigenvalue ()~1 - A2) - wTq = ()~1 -- )~2)/2 is 
Let 
Then 
(1 ( . t J~  , .~  , m . .  
( 2 )T 
q = 0,0, )h -~2 '0 " 
0 0 
0 0 
wqT = 0 0 
0 0 
2!/  l! 1 2 0 
1 0 2 0 
A1-A2 and B+wq T= 0 A1-A2 1 
2 2 (~2)~ (~1 ~)2 
- Ps ~- - P2  P l  
Since from (4iii), ((hi - ~2)/2)2-p2 > 0, B+wq "r is a nonnegative matrix, which by Theorem 6
has eigenwlues 
0, ()~1 - ~2) ,  (~1 - a )  - b i ,  (~1 - a)  + b/. 
Hence, the matrix A = ,~1I - (B  + wq T) is an M-matrix with eigenvalues 
)q,  ,~2, a + bi, a - bi. | 
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EXAMPLE 11. 
symmetr ic functions are Pl = 1, P2 -- -4 ,  Pa = 6, P4 -- 0. Then 
0 0  
A=3I -B= 3 -1  0 
0 3 -1  
-6  -4  2 
is an M-matr ix  with spectrum a. 
EXAMPLE 12. ~ = {6,0, 5 + i, 5 -- i}. Let a = A1 = 6, wTq = 3, and a" = {3,0,1 - i, 1 -b i}. 
Here, Pl = 5, P2 = 8, P3 = 6, P4 = 0. 
0 0 1 1 -c 
B= 0 0 0 , w=(1 ,3 ,9 ,27)  r and q= 0,0, . 
0 6 -8  
Hence, 
1 
~=B+wqr= 0 2 >_0 
0 3 
6 1 
and A = 6 I  - / )  is an M-matr ix  with eigenvalues 6, 0, 5 + i, 5 - i. 
LEMMA 13. Let a = {Al,a + bi, a - bi, c + di, c - di} be a set of complex numbers. I f  
(i) 0<a<c,  
(ii) 2(c - a) < (a - A1), 
(iii) 5 2 + d 2 <_ (c - a)(3a - 2A1 - c), 
then there exists an M-matr ix  A of  order 5 with the prescribed spectrum a. 
PROOF. Let a = a and let the numbers j3k be 
a - A1, -b i ,  bi, (a - c) - di, (a - c) + di. 
Conditions (ii) and (iii) guarantee the Perron condition a - AI _> [~k[ for a nonnegative matr ix B 
with eigenvalues ~k. We compute the elementary symmetric functions of f~k, k ---- 1 ,2 , . . . ,  5. 
Pl = 3a - A1 - 2c -- (a - ~1) - 2(c - a) __> 0, 
P2 = 2 (a -- A1) (a - c) + (a - c) 2 + b 2 + d 2 _< 0, from (iii), 
p3 = b 2 (3a  - AI - 2c) + (a  - A1) (c - a)  2 + d 2 (a - A1) > 0, from (ii), 
P4 = 2b 2 (a - A1) (a - c) -t- b 2 ((a - c) 2 + d 2) _ 0, from (iii), - 
P5 : b 2 (a - )~1)  ( (a -c )  2--I-d 2) > 0. 
Therefore, there exists a nonnegative matrix B, which is the companion matr ix of/~k, k -- 
1, 2 , . . . ,  5. Thus, B has eigenvalues f~k and p(B) = a - A1 is its Perron root. The matr ix 
A = a I  - B is an M-matr ix  with the prescribed spectrum 0. | 
EXAMPLE 14. a = {0 ,3+i ,3 - - i ,4+i ,4 - - i} .  Let a = a = 3 and ~k : 3, - i , i , -1  - i , - l+ i .  We 
compute Pl = 1, P2 -- -3 ,  P3 -- 7, P4 = -4 ,  P5 = 6. Thus, 
= {3,0,4 + i ,4 - i}. Let a = A1 = 3; f~k : 0,3, - -1 -- i , - -1 + i .  The elementary 
) 
3 -1  0 0 0 / 
0 3 -1  0 0 
A = 3 I -B  -- 0 0 3 -1  0 
0 0 0 3 -1  
-6  -4  -7  -3  2 
is an M-matr ix  with spectrum a. 
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THEOREM 15. Let a = {)'1,)'2,..-,) 'p, #1, . . . ,  #m, /21,... ,pro} be a set of complex numbers, 
with n = p + 2m elements, n :> 3, At _> )`2 >_ ""  _> )'p -> 0, Re #k >__ 0, Im/Ik ~ 0, k = 1, 2 , . . . ,  m. 
I f  the set ~ can be partitioned into subsets Sj, each one satisfying the sufllcient conditions o£ 
some of the previous lemmas, plus a subset N of nonnegative r al numbers, then there exists an 
n x n M-matr ix A with spectrum ~. 
PROOF. Let a = USj U N, where Sj is a set of complex numbers atisfying the conditions of 
some of the previous lemmas (Lemmas 7, 10, or 13), and N is a set of nonnegative r al numbers 
(N can be empty). Then there are M-matrices Aj = a j I  - Bi, Bj _> 0, with spectrum aj c_ a. 
The matrix A = a I  -B  is an M-matrix with spectrum a, where a=max{max j (a j ) ,  maxk(nk)}, 
nk E N,  and B is the nonnegative block diagonal matrix with diagonal entries Aj - -a j I  - Bj.  | 
EXAMPLE 16. Let a = {0, 1, 3, 3, 4, 5 + 2i, 5 - 2i, 6 + i, 6 - i} be given. Here n = 9. There are 
several possible combinations: 
(i) S 1 : {0, 5 ~- 2i,  5 - 2i},  S2 = {3, 6 -[- i ,  6 - i}, N = {1, 3, 4}, 
(ii) $1 : {1,5 + 2i, 5 - 2i}, $2 = {0, 4, 6 + i, 6 - i}, g = {3, 3}, 
(iii) $1 = {1,5 +2 i ,5 -  2 i ,6+i ,  6 - i} ,  N = {0,3,3,4}. 
Let us consider Case (ii). We have 
(01 )0 0 4i/  100 1 
A1 -- ~ I  - A2 - - 
416 4 ' 0 0 
27 3 20 11 
0 
0 
1 ' 
0 
N = diag{3, 3}, 
where A1 and A2 are the M-matrices associated with the sets $1 and $2, respectively. Let 
a -- max{l l /3 ,  4, 3} = 4. Then 
4I - A1 0 0 ) 
A -- 4I - 0 4I - A2 0 
0 0 4 I -  N 
is an M-matrix with the prescribed spectrum a. 
3. A SUFF IC IENT CONDIT ION FOR NONNEGATIVE  MATI~CES 
In this section, we present a sufficient condition for the existence of a nonnegative matrix 
with prescribed complex spectrum. This sufficient condition is applied to the inverse spectrum 
problem for M-matrices. We start with the following theorem which is interesting by itself. 
THEOREM 17. Let a = {)'1,)'2,..-,An} be a given set of complex numbers uch that ~ = @; 
)'1 +),2 +""  + An ~ 0; )'k # 0, k = 1 ,2 , . . . ,n ;  )'1 >_ [Ak[, Re(),k) _< 0, k = 2 ,3 , . . . ,n .  Let e < 0 
and let the numbers 71,72,.-- ,Tn be given by 
)'2)'3, ''- , )'n g')' 1)'k 
71 -- en-1),~-2 ' 7k = [),k[2 , k = 2,3,...,n. (5) 
Let Pk be the elementary symmetric functions of the numbers 6,'rl, 72, . . . ,  7~. I f  Pk >_ O, k -- 
1, 2, . . . ,  n, then there exists a nonnegative matrix A of order (n + 1), whose spectrum contains a. 
PROOF. Let a = {AI,A2,... ,An} and consider the set a'  = {e,~1,72,--.,7,~}. From (5), it is 
clear that 
n n 
),1 = HT , ),j = H j = 2,3 , . . . ,n .  (6) 
k=l  k=l,k~j 
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The companion matrix of a '  is 
( -1 )  Pn+i 
and the n th compound matrix A = C(B) of B is {o 
- -Pn+ i
A = C(B) = 0 
0 
1 0 0 
0 1 
1 
1 
P3 -P2 Pl 
0 
0 
--Pn+l 
--Pn+i i/ Pi P2 
Since Pk _> 0, k = 1,2 . . . .  ,n, and Pn+l < 0, A is nonnegative with eigenvalues A1,A2,... ,An,~, 
where the AkS are given by (6) and 
3= 
Therefore, the spectrum of A contains a. 
enA~ -1 
A2A3, . . . ,  A n " 
(r) 
| 
Note that if a contains one or more nonnegative real numbers, other than Ai, say A2 _> A3 >_ 
. . . ,A  v > 0, then we can define A1 = diag{A2, A3,...,Av} and reduce the inverse spectrum 
problem to one of size n - p + 1. If this reduced problem has a solution A2 _> 0 of order n - p + 2, 
then the matrix 
is nonnegative and its spectrum contains a. 
THEOREM 18. Let a = {Ai,A2,.. . ,An}, e < 0, and 7 i ,72 , . . . ,% be as in Theorem 17. Let 
ft = C(B), the n th compound matrix of the companion matrix B of a' = {e, 7i, 72, . . . ,  % } and 
let v = (Vi,V2,...,Vn+I) T be an eigenvector of .4 corresponding to the eigenvalue 3, that is, 
Av = 3v. If 
Pk >-- 7iVk >_ 0, k = 1, 2 , . . . ,  n, 
then there exists a nonnegative matrix A of order n with the prescribed spectrum a = {Ai,A2, 
...,M}. 
PROOF. Since Pk -> 0, k = 1, 2 , . . . ,  n, we have from Theorem 17 that the n th compound matrix 
.4 = C(B) is nonnegative of order (n + 1) with eigenvalues A1, A2 . . . .  , An,/3. Let 
v = (1,pl - 7 iv l , . . .  ,Pk - 7 ivk, . . .  ,Pn-i -- 7iVn-i,/3) T 
Then Av = 3v, that is, v is an eigenvector of .4 corresponding to/3. Let 
q = (0 ,0 , . . . ,0 , -1 )  T 
Then v-Cq = -/~ > 0. Now, we add the matrix vq s to the matrix .4 to obtain 
~t + vq T = 
I 0 0 0 0 0 0 \ 
I 
--Pn+l ~1 
--Pn+l ~IV2 . 
71Vn-  1 1 
-Pn+I  Pn -3 /  
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Clearly, "[1 = Pn+l//3 >-- 0 and p ,  - ~ >_ O. Since Pk - 71vk = Vk+l >_ 0, k ---- 1, 2 , . . . ,  n, and 
Pn+l < 0, the matr ix /~ + vq T is nonnegative with eigenvalues A1, A2,. . . ,  An, 0. By partitioning 
ft. + vq T into a 2 x 2 block lower triangular matrix, we obtain the submatrix 
A = 
0 0 
--Pn+l 
--Pn+l 
--Pn+l 
V1'02 
"/l'Un-- 1 / 
pn - /3 /  
which is nonnegative of order n with the prescribed spectrum a = {A1, A2,. . . ,  An}. 
THEOREM 19. Let a = {A1, A2,. . . ,  An} be a given set of complex numbers uch that 
| 
a=@ and Re(Ak)_>0, k=l ,2 , . . . ,n .  
Let 
~' = {/31, fh , . . . ,~n} and ~ = {~,~1,~, . . . ,~}  
be sets of complex numbers uch that 6 < O, Re(j3k) <_ O, and 
/32/33,  • • • , /3n  6 /31/3k  k -~ 2 ,  3 , .  , n .  
~fl---~ ~n_ l /3~_  2 , ~k  = i/3kl 2 , . .  
Let Pk be the elementary symmetric functions ore, ~/1, ~9, . . . ,  • .  Let B the companion matr ix 
of 5 and C = C(B) the n th compound matrix orB.  Let Cv =/3v, where v = (vl, v2, . . . ,vn+l) T 
and 
/3 = ~n/3~-1 &&, . . . , /3n"  
g there exists a > 0 such that 
max A,,, ~ Re(Ak) < a < Re (Ak), k = 2, 3 , . . . ,n ,  
w/th 
and ff 
Am = minAk, AM = max [OL -- Ak[ 
AkER Ak~R . ' 
Pk- ->~lvk>0,  k- - - -1 ,2, . . . ,n ,  
then there exists an M-matr ix  A of order n with eigenvalues A1, A2,.. . ,  An. 
PROOF. Let a' = {/3k}~ = {a - A l ,a  - A2 , . . . ,a  - An}. Let /31  ---- O~ - -  Am. The choice of 
a gives /31 >_ max{l/3k[}, )-~=1/3k > 0, and Re(R)  <_ 0. Then ~' satisfies the hypothesis 
of Theorem 17. Hence, there exists a nonnegative matrix C = C(13) of order (n + 1) with 
eigenvalues/31,/32,. • •,/3n,/3. Since Pk >_ 71vk >_ O, k = 1 ,2 , . . . ,  n, the hypotheses of Theorem 18 
are also satisfied. Then there exists an n x n nonnegative matrix B, which is a submatrix of C, 
with eigenvalues/31,132,... ,/3n. Then a >/31 and A = a I  - B is an M-matr ix  of order n with 
eigenvalues a - /3k = Ak, k = 1 ,2 , . . . ,  n. 
EXAMPLE 20. Let a = {0, 6+2/,  6--2i, 6+3i,  6--3/}. We look for an M-matr ix  with spectrum a. 
Since 
1 
?% 
Am O, E 
24 
= --n Re (Ak) = ~-,  we choose a = 5. 
k=l  
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Then a t = {5, -1  + 2i, -1  - 2i, -1  + 3i, -1  - 3i} and 
1321 
5= 2' 5 '2  
1 1 3. 1 3 . /  
i, ~+i ,  ~-~,  ~+~,  
with ¢ -- -1 /2 .  
compound matr ix  
After computing the pks and the companion matr ix /~ of 5, we have the 5 th 
0 0 0 0 0 1 '~ 
~ o o o o 
o ~ o o o 
5 
o o ~ o o 
5 89 
o o o ~ o 1- ~ 
5 39 
0 0 0 0 - - -  
2 64 
-1  - 2i, -1  + 3i, -1  - 3/, -25 /64}  containing a~. which is nonnegative with spectrum {5, -1  + 2i, 
Now we compute the eigenvector 
v=(1 ,1 ,  13 1 5 25)  -r 
8 ' 16' 32' 
of C corresponding to/~ = -25/64 .  Let q = (0, 0, 0, 0, 0, -1 )  ¢. Then vnq = 25/64 and the matr ix  
C + vq ¢ = 
0 0 0 0 0 0 
~ o o o o  
o ~ o o o  
o o ~ o o - -  
5 2 o o o ~ o ~  
5 
0 0 0 0 ~ 1  
is nonnegative with eigenvalues 5, -1  + 2i, -1  - 2i, -1  + 3i, -1  - 3i, 0 (13 + vTq = 0). Finally, 
/ 0 
the submatr ix  
5 
B= 0 
0 
32 
o o o T 
0 0 0 
0 0 
5 2 
o ~ o 
5 
o o ~ 1 
of order 5, obtained by partit ioning C ÷ vq r into a 2 x 2 block lower tr iangular matr ix,  is the 
required nonnegative matr ix  with eigenvalues 5, -1  ÷ 2i, -1  - 2i, -1  + 3i, -1  - 3i. Thus, 
A -- 5 I  - B is an M-matr ix  with spectrum ~ = {0, 6 + 2i, 6 - 2i, 6 + 3i, 6 - 3i}. 
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